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Abstract 

We obtain extremal stationary solutions that generalize the Israel-Wilson-Perjes 
class for the low-energy limit of heterotic string theory with n > 3 U(l) gauge fields 
toroidally compactified from five to three dimensions. A dyonic solution is obtained 
using the matrix Ernst potential (MEP) formulation and expressed in terms of a single 
real 3 x 3-matrix harmonic function. By studying the asymptotic behaviour of the 
field configurations we define the physical charges of the field system. The extremality 
condition makes the charges to saturate the Bogomol'nyi-Prasad-Sommerfield (BPS) 
bound. 
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1 Introduction 



In effective low energy theories of gravity derived from superstring theory Einstein gravity 
is supplemented by additional fields such as the Kalb-Ramond, gauge fields, and the scalar 
dilaton which couples in a non-tivial way to other fields. These string gravity models pre- 
serve the long-distance behaviour of the mysterious quantum gravity and in special (BPS 
saturated) cases exactly reproduce it |T[] . The bosonic sector of heterotic string theory com- 
pactified to three dimensions on a torus can be parametrized by the (d + 1) X (d + 1) and 
(d+ 1) x n Matrix Ernst Potentials X and A 0-0 , where d + 3 is the original space-time 
dimension and n is the number of Abelian vector fields. 

In this letter we consider the five-dimensional case and suppose a linear dependence 
between the MEP X and A following the procedure indicated in our previous work || . If 
n > 3 this leads to non-trivial field configurations which generalize the the IWP class of 
solutions of the Einstein-Maxwell (EM) theory. Note that in our approach the number of 
gauge fields is bounded from below. A similar ansatz arose in the four dimensional case 
considered in and M when the minimal number of gauge fields was equal to two (in the 
general case n > d + 1 ) . 

Furthermore, it is shown that the physical charges of the obtained solutions saturate the 
BPS bound as a consequence of the extremality condition. Among them we identify rotating 
black hole-type solutions with both electric and magnetic charges (dyonic solutions). 

Some classes of five-dimensional BPS solutions with trivial and non-trivial values of 
electromagnetic charges were obtained in f|-0. 

2 Matrix Ernst Potentials 

We start from the effective field theory of heterotic string in five dimensions. The action of 
this theory reads 

= J d (5) x | GfW || e -^\ R & + 0g (5);Af _±_ H f) NpH(m NP _^ F W F (S)IMN^ ^ 

where 

*MN — a MA N - N A M , 

H { S NP = d M Bf P - -A® 1 F® 1 + cycl. perms, of M,N,P. 

Here G^ N is the 5-dimensional metric, B^ N is the anti-symmetric Kalb-Ramond field, (f)^ 
is the dilaton and A^ 1 denotes a set (/ = 1, 2, ...,n) of U(l) gauge fields. 

After the Kaluza-Klein compactification on a two-torus, one obtains the following set of 
three-dimensional fields [|]-|§ : 



2 



a) scalar fields 



G — (G pq — G p+3>q+3 ), B — (B pq — Bp +3)q _i/. 
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A={Al = A p %), = 0< 5 >-±ln|detG|, (2) 



where p, q — 1, 2. 
b)tensor fields 



-2<t> fn( 5 ) _ n& rm\ r -r( 5 )_zlr A p A q — 9 f A p A p+2 — A p A p 



f2 



(following A. Sen we consider the ansatz when B^ u = 0). 

elector fields A« = (A 2 )£+ 2 , (A 3 )f t +/ ) (a = 1, 2, 3, 4, 4 + J) 

= \g m G { X l (A 3 y+* = -Uf 1 + Apt* 



w = 2^ - ^ + ^x +4 > 

which can be dualized on-shell as follows 

V x H = ^G- 1 (vu + (B + ^AA T )Vv + AVs 

Vx^ = -e 2 *(Vs + A T Vv) + A T V x X, 

Vx^ = h^GVv -(B+ ^AA T )V xT± + AV xT 3 . (3) 

Here u and t> are columns of dimension 2 with conponents u 2 and v±,V2, respectively; and 
the dimension of the column s is n. So, the final system is defined by the quantities G, B, 
A, 0, u, v and s. As it had been established in [@]-0 , it is possible to introduce the matrix 
Ernst potentials [K^ 

v ( -e- 2( t> + v T Xv + v T As + \s T s v T X-u T \ . (s T + v T A\ ,. s 
X =[ Xv + u + As X J' A= { A J' (4) 

where the 2x2 matrix potential X = G + B + ^AA T . This pair of potentials allows us to 
express the 3-dimensional action (2) in a quasi-EM form ji~l|l-|12|l : 

= Jd 3 x | g 1 2 {-R + Tr[~ (v* - VAA T ) Q~ x (VX T - AVA T ) Q' 1 

+ \vA T g~ l VA\}, (5) 



where Q = \ [X + X T - A4 T J. This act ion leads to the following equations of motion 

V 2 X - 2(VX - VAA T )(X + X T - AA T Y l VX = 0, 

Vl4 - 2(VX - VAA T )(X + X T - AA^VA = 0. (6) 
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3 BPS Saturated Dyon 



In this Sec. we obtain a class of extremal solutions for the equations of motion (6) which 
generalize the IWP class of the EM theory following the procedure indicated in Q. We 
consider a linear dependence between the potentials A and X, and require the matrix 
Ernst potentials to satisfy the asymptotic flatness conditions X^ — ► E and Aoo — > 0, where 
E = diag(—l, —1, 1, 1, 1). This leads to the following relation between the matrix Ernst 
potentials 

A=(E- X)b, (7) 

where b is an arbitrary constant 3 x n-matrix. By substituting (7) into the action (5) and 
setting the Lagrangian of the system to zero (it implies that Rij = 0), we get the following 
condition to be satisfied 

bb T = -E/2. (8) 
Indeed, both equations of motion (6) reduce to the Laplace equation in Euclidean 3-space 

V^E + X)' 1 } = (9) 

which can be directly solved by the harmonic function (see || for details) 

9 M i i 

E + — , where - = Re (10) 



Z + X R R Jx 2 + y 2 + (z- ia) 2 



M is a real 3-dimensional arbitrary constant matrix and a is a real constant. We choose R 
in this way in order to deal with rotating black hole solutions [fL3|l— 1|14|| (in this case we have 
a ring singularity). In order to obtain a real value of the potential A (see Eqs. (7) and (8)) 
we can procede as follows: Let us require just the first two rows of b to be real (leaving the 
remaining row imaginary), then we perform the matrix product (7) and set the factors that 
multiply the imaginary components of b to zero. It turns out that this condition imposes 
the following restriction on the matrix M 

mn TO12 

-u= | m 2 i m 22 o | = i ;; u ;; ) m: 

m 3 i m 32 

leading to real solutions for the potential A. 

Now we begin to write down the explicit form of the single point-like solution in terms 
of the five dimensional variables. In order to so, we must calculate all vector three-fields 
using the dualization formulae (3). Thus, after some algebraic manipulations we obtain 

Vx/'^^vQ, (12) 
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where mS x ' = — (m 12 — m 21 )/2, mP> = m^ 4 ' = m 31 /2, mS 3 > = — (m 12 + m 2 i)/2 and m^ 4+n ^ = 
(mu6 nl + m 12 b n2 ). 

The relation between physical parameters and integration constants becomes evident 
when we switch from Cartesian to oblate spheroidal coordinates defined by 



x = J p 2 + a 2 sin8cos(p, y = y p 2 + a 2 sin9sincp, z = pcos8, (13) 
In terms of these coordinates the 3-interval reads 

ds\ = (p 2 + a 2 cos 2 6)(p 2 + a 2 )~ x dp 2 + (p 2 + a 2 cos 2 6)d6 2 + (p 2 + a 2 )sin 2 6d^ 2 (14) 
and only the does not vanishP]: 

2 2 

A$ = wPcosO / \ a 2Q = m^e. (15) 
v p 2 + a z cos 2 9 

Studying the asymptotic behaviour of the 3-fields we see that the integration constants and 
the physical parameters of the theory are related by 



_ (i + 2nm.\ ms* \ ( _ (\ _ 2m) Mm. \ m n b 



p / \ p 



1 / ' P P 



A 



Al n) \ ( 2(m 21 b ln + m 22 b 2n )/p \ ( Q^/p \ _mn D 

A (n) J ~ y -2(m 31 b ln + m 32 b 2n )/p J { qM/ p J' ^ p - p ' 



m 12 -m 21 N m 12 + m 21 Q B 
u x ~ = — , Ui ~ = — , 

P P P P 

m 3 i A^ 5 o mn6 n i + mi 2 6 n2 Q£) 
1*2 = ^2 ~ = — , s~2 = , (16) 

p p p p 

where m is the ADM mass, D, N, Qb are the dilaton, NUT and axion charges, respectively; 
Nb and N 5 are 5-dimensional scalar charges, and Qffl are two sets of n electric and 
magnetic charges, and Q§ are n charges that come from the extra dimension of the elec- 
tromagnetic sector. The extremality character of the found solutions makes these charges to 
saturate the BPS bound 

A(D 2 + m 2 ) + 2(Q 2 B + N 2 ) + £(Q^) 2 = £«tf°) a + Y,^? + 4(iV 5 2 + N 2 B ), (17) 



In fact we have imposed the axial symmetry with respect to z. 
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this means that the attractive forces are precisely balanced by the repulsive forces in the 
field configuration. 

Let us count the number of independent parameters which parametrize the physical 
charges of the solution. One of them is the rotational parameter a. The contribution of 
matrix M is equal to 6. Matrix b provides 2n — 3 independent parameters since only its 
first two rows affect the solution and these rows are normalized and orthogonal each other in 
view of Eq. (8). Thus we have 2n + 4 integration constants which define the charges of the 
fields (in the case of arbitrary d, the total number of independent parameters is 2(d + n)). 

The explicit form of the solution is given by the following relations 

ds 2 = G MN dx M dx N = G pq (dx p+3 + u^cbp) (dx q+z + u^dip) + e^g^dx^dx", (18) 
where the symmetric matrix G pq has the components 

(p2 + Q2)2 Gii = (q2 _ p 2) ^ p 2 + 2Df) + 6q _ a 2 cos 2 6 ^ p 2 _ _ 

4(p + D)pa 2 cos 2 6) - APQ ((2p 2 + 3Dp + 5 - 2a 2 cos 2 9)p - Da 2 cos 2 6) acosO, 
(P 2 + Q 2 ) 2 G 12 = N B ((P 2 - Q 2 )(p 2 - 3a 2 cos 2 6)p + 2PQ(3p 2 - a 2 cos 2 6)acos6) + 
(Q B N 5 + 2DN B ) ((P 2 - Q 2 ){p 2 - a 2 cos 2 9) + APQpacosd) + 
(5 1 N B - S 4 N 5 ) ((P 2 - Q 2 )p + 2PQacos9) , 
(P 2 + Q 2 ) 2 G 22 = (P 2 + Q 2 ) 2 - 5 3 ((P 2 - Q 2 )(p 2 - a 2 cos 2 9) + APQpacosO) - 
2(Q B N 5 N B + DN 2 B + mN 2 ) ((P 2 - Q 2 )p + 2PQacosd) - 

(8 1 N 2 B + 5 2 N 2 - 25,N 5 N B )(P 2 - Q 2 ), 
the conformal multiplier is 

C 2* - X | 2D P | W - M ^ (19) 

p 2 + a 2 cos 2 6 (p 2 + a 2 cos 2 9) 2 

and the components of the rotational vector are defined by uo^ = —Ne and uo^ = N 5 e. 
Here we have introduced the following quantities P = p 2 + (m + D)p + A x — a 2 cos 2 9, 



6 



Q = (2p + (m + D))acos9, 5 = ^ - iVf , ^ = + ±(Q B - iV) 2 , 5 2 = m 2 + ±(Q B + iV) 2 , 
5 3 = Ni + Nl 5 4 = \{m{N - Q B ) - D(N + Q B )) and A l = mD + \(N 2 - Q%). 
The only non-vanishing components of the five-dimensional matter fields are 

_ _ N B (Pp + QacosO) - A 3 P 

B ~ p^Tg 2 " a2 ' 

Q^(PP + QacosO) + (pgW + \{Q B - N)Q™) P 

* p 2 + g 2 

H Q 5 n) (Pp + Qacos6) - 2(A 2 b ln - A 3 b 2n )P 

5 p 2 + g 2 

(5) _ / P(p 2 + 2£p + 5 - a 2 cos 2 0) + 2QacosO(p + D) \ 

" I P 2 + g 2 J' 



r(5 ) (AW + \Q^)Q^){Pp + Qaco^) - (A 3 iy 5 + A^Q^P 



„(5) _ (AafemQff + A 3 (iV - Qt ] b2n))P - {\Qf ] Qt ] + iVBiV)(Pp + QacosO) 

B ^ ~ ^ + N ** 

,(5)/ _ {N,Ql {n) - NQ T e ^){Pp + QacosO) - 2(N 5 A 2 b nl - (NA, + N 5 A 3 )b n2 )P _ (n) 
* P2 + g 2 e e, 

where A 2 = miV 5 + ±iV B (g B -iV), A 3 = -[£W b + ±W 5 (Qb + W)], 6 ln = ^[(Qb + ^QW - 
2mQ£<»>] and 6 2n = -^[(Qb - N)Q T J n ) + 2DQ™]. 



4 Conclusions 

In this letter we have obtained a class of stationary extremal solutions that generalize the 
IWP class of EM theory for the five-dimensional heterotic string compactified to three 
dimensions on a two-torus. These solutions are expressed in terms of 2n + 4 (n > 3 being 
the number of Abelian vector fields) real parameters uniquely related to the physical charges 
that saturate the BPS bound. 

Among these solutions we identify rotating dyonic solutions with non-trivial value of 
NUT parameter. If one requires the asymptotic flatness condition to be satisfied in order 
to get a black hole configuration, one must set the NUT parameter to zero; however, in this 
case the found solutions become static. 



7 



Acknowledgments 

We would like to thank our colleagues of NPI and JINR for encouraging us during the 
performance of this letter. Authors are grateful to N. Makhaldiani for helpful discussions. 
A.H. was partially supported by CONACYT and SEP. 

References 



E. Kiritsis, "Introduction to superstnng theory", CERN-TH/97-218, [hep-th/9709062 



A. Herrera-Aguilar and O. Kechkin, Int. J. Mod. Phys. A13 (1998) 393. 

A. Herrera-Aguilar and O. Kechkin, "Israel-Wilson-Perjes Solutions in Heterotic String 
Theory", [hep-th/9806154| ; to appear in Int. J. Mod. Phys. A. 



E. Bergshoeff, R. Kallosh and T. Ortm, Nucl. Phys. B478 (1996) 156. 
O. Kechkin and M. Yurova, Mod. Phys. Lett. A13 (1998) 219. 

G.P Horowitz and A. Sen, Phys. Rev. D53 (1996) 808. 

M. Chamseddin, S. Ferrara, G. Gibbons and R. Kallosh, Phys. Rev. D55 (1997) 3647. 
J. Maharana and J.H. Schwarz, Nucl. Phys. B390 (1993) 3. 
A. Sen, Nucl. Phys. B434 (1995) 179. 

F. J. Ernst, Phys. Rev. 168 (1968) 1415. 

W. Israel and G.A. Wilson, J. Math. Phys. 13 (1972) 865; Z. Perjes, Phys. Rev. Lett. 
27 (1971) 1668. 

P.O. Mazur, Acta Phys. Pol. 14 (1983) 219. 

K. Behrndt, D. Lust and W.A Sabra, Nucl. Phys. B510 (1998) 247. 
W.A. Sabra, Nucl. Phys. B510 (1998) 247. 



8 



